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The issues
• tensor ε with diagonal coefficient α ' rx
changing sign in the domain Ω = (−1, 1)

•no unicity of the solution
• singular fields

Our method
• regularize adding viscosity ν > 0
• construct quasi-solutions
• get a well-posed limit variational formulation

Resonant heating

Objective: study the
propagation of a wave
in a tokamak that en-
ters in resonance with the
plasma.
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Wave-particle model: Maxwell for EM, Newton for
electron dynamics. For B = ∇∧E, once linearized,
the harmonic problem in time writes

∇∧B−


α iδ 0
−iδ α 0

0 0 γ

E = 0 in Ω

δ(x) > 0, γ = cst > 0
Fourier transform in z:
∇ → (∂x, 0, ikz)t.
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Reduces to ODE on u = (Ey, By)t with Robin BC
−Iγu′′ + N

αu = 0, Iγ =
1 0

0 1/γ


Iγu′(±1)∓

 iσ 0
0 i/σ

u(±1) = f(±1)

for σ > 0, f C2-valued. Adding viscosity α →
α + iν regularizes, allows to compute the heating
∇ · Πν = ν‖Eν‖2

2 9
ν→0

0. Difficulty: discretizing
∀v ∈ H1(Ω)2

bν(u,v) =
∫

Ω

u′ · Iγv′ + u · Nνv
α + iν

 dx+BC = `(v)

(VFν)
leads to a competition between ν and δx. And for
ν → 0 this problem becomes ill-posed.

An energy relation obtained from a family of manufactured solutions

Construct non-homogeneous quasi-solutions
Fν ' Eν and Cν ' Bν of ∇∧Cν − ενFν = gν
and Cν −∇ ∧ Fν = qν. Poynting vector of the
scaled difference field gives the integral relation∫

Ω
Im

(
(Eν − sFν)× (Bν − sCν)

)
· ∇ϕdx

+
∫

Ω
Im

(
(Eν − sFν) · gν − (Bν − sCν) · qν

)
ϕdx

= ν
∫

Ω
|Eν − sFν|2ϕdx ≥ 0, for ϕ ∈ C1

0,+.

The singularity we face is of type 1/α as

Eν
x = − iδ

α + iν
Eν
y −

ikz
α + iν

Bν
y ,

so the trick is to define F ν
x = 1/(α + iν) and to

compensate the quasi-singular terms 1/(α + iν) by
the derivative of 1

r

(
log(r2x2+ν2)

2 − i atan(rxν )
)
. And

for the integral relation to pass to the limit each
term must be L1 independently of ν.

Note wν
1 = (F ν

y , C
ν
y )t ' uν and wν

2 = (Cν
z , F

ν
z )t. The quadratic form on (Ey, By, s) at the limit writes

J +(u, s) = − Im
∫

Ω
(u− sw+

1 ) · (Iγu′ − sw+
2 )ϕ′dx + Im

∫
Ω
(sz+

1 · (u− sw+
1 )− sz+

2 · (u′ − sI1
γ
w+

2 ))ϕdx.

Formulation at ν = 0+

Define a mixed variational formulation asso-
ciated to the minimization of this quadratic form
at the limit on (u, s) ∈ V = H1(Ω)2 × C un-
der the constraint of weak Maxwell’s equations on
Q = H1(Ω)2 ∩ {v,N(0)v(0) = 0}:a

+((u, s), (v, t))− b((v, t),λ) = 0, ∀(v, t) ∈ V
b
(
(u, s),µ

)
= `(µ), ∀µ ∈ Q

(MVF+)
with Im a+((u, s), (v, t)) = 0 ⇔ dJ +

(u,s)(v, t) = 0.
Then use classical theory of mixed variational for-
mulations and Fredholm operator theory to get:

Theorem

There exists a unique solution (u+, s+) ∈ V and λ+ ∈ Q of (MVF+). Moreover u+ is the H1 weak limit of uν, solution of (VFν), as ν → 0+.
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Figure 1: Whittaker test case.

Figure 1 First line: comparisons of approximations of
ImE+

y via (MVF+) and of ImEν
y via (VFν) ν = 10−7

to the analytical solution in black, kz = 0. 1D and
2D plots: real parts above and modulus below of ap-
proximations of E+

y e
ikzz and B+

y e
ikzz via (MVF+), with

kz = 0 in 1D, kz = 4 in 2D.

Figure 2 Real parts above and modulus below of
approximations of fields E+

x e
ikzz, E+

y e
ikzz and B+

y e
ikzz

with kz = 6π√
2 for the disctretization of (MVF+).

Figure 2: Case of propagative plasma for ûeikz(x+z) on the left,
resonant in 0, with homogeneous BC on the right.

Formulation for ν → 0+

Similar formulation a+ → aν, Q → Qν. As
Nν

α+iν is now invertible, for a continuous formula-
tion, Qν = {v ∈ H1(Ω)2, Γν(v) = 0} for Γν(v) =

ν
∫

Ω

 1
α2 + ν2v ·

 δ2 δkz
δkz k

2
z

wν
1 + v ·

1 0
0 0

wν
1

 dx.
Non-local criteria: work has to be done to get a
Lagrange P1 description.

References
[1] C. Caldini-Queiros, B. Després, L.-M. Imbert-Gérard, and

M. Kachanovska.
A num. study of the sol. of X-mode eq. around the hybrid
resonance.
ESAIM: Proceedings and Surveys, 53:1–21, 2016.

[2] M. Campos Pinto and B. Després.
Constructive formulations of resonant Maxwell’s eq.
SIAM J. Math. Anal., 49:3637–3670, 2017.

[3] L. Lu, K. Crombé, D. Van Eester, L. Colas, J. Jacquot,
and S. Heuraux.
IC wave coupling in the mag. plasma edge of tokamaks:
impact of a finite, inhom. density inside the antenna box.
Plasma Physics and Controlled Fusion, 58, 2016.


