Hybrid resonance: Maxwell with a changing sign permittivity tensor
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The 1ssues

= tensor € with diagonal coefhicient a@ >~ ro
changing sign in the domain €2 = (—1, 1)

» No unicity of the solution

» singular fields

Our method

» regularize adding viscosity v > 0
» construct quasi-solutions

» get a well-posed limit variational formulation

Resonant heating

Objective:
propagation of a wave
in a tokamak that en-
ters in resonance with the

study the B,

L > k

— 7

Wave-particle model: Maxwell for EM, Newton for
electron dynamics. For B = V A E. once linearized,
the harmonic problem in time writes
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plasma.

VAB— E=0 in{)

o(x) >0, v=cst >0
. . Y
Fourier transform in z: 5
V — (0,,0,1k.)".
( o 0" 8

Reduces to ODE on u = (E,, B,)" with Robin BC
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for o > 0, f C*valued. Adding viscosity a —

o + v regularizes, allows to compute the heating
V- IIY = v||EY||5 - 0. Difficulty: discretizing
Vv € H(Q)?

b'(u,v) = /Q (u’ LV 4+ u-

N“v

o+ v

) dx+BC = {(v)
(VE,)

leads to a competition between v and ox. And for
v — 0 this problem becomes ill-posed.
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An energy relation obtained from a family of manufactured solutions

Construct non-homogeneous quasi-solutions The singularity we face is of type 1/« as

F'~E and C" ~ B" of VA CY —g"F" = g" o 20 o ik
and C” — V A F” = g”. Poynting vector of the T a4ir YV a4 v

scaled difference field gives the integral relation so the trick is to define FY = 1/(a + iv) and to

/ Im ((EV — sF¥) x (B” — sC)) - Vipda compensate the quasi-singular terms 1/(a + iv) by
0 log(r?z*+1?) iatan(ﬁ)) And

+ /Q Im ((E” — sFV) - g" — (B” — sC¥) - q") pdx 2 v /)

= V/Q EY — sF"|> pdz > 0, for ¢ € Céﬁ.

v
B,,

the derivative of % (
for the integral relation to pass to the limit each
term must be L' independently of v.

Note w/ = (F/,C})' ~u” and wy = (C?, F!)". The quadratic form on (£, By, s) at the limit writes

J " (u,s) =—Im /Q(u — swy ) - (lyu/ — sw3)p'dx + Im /Q(szl+ (u— sw)) — 524 - (0 — shiwy))pdz.

Theorem

Formulation at v =07

Define a mixed variational formulation asso-
ciated to the minimization of this quadratic form
at the limit on (u,s) € V = HYQ)* x C un-
der the constraint of weak Maxwell’s equations on

Q= H' ()N {v,N(0)v(0) = 0}:

{cﬁ((u, $), (v,0)) —b((v,t),A) =0, V(v,t) eV
b((u, s), ) = (), YpeqQ
(MVF,)

with Ima™((u, s), (v,1)) = 0 & dJ, (v,t) = 0.
Then use classical theory of mixed variational for-
mulations and Fredholm operator theory to get:

There exists a unique solution (u*,s%) € V and A" € Q of (MVF_,). Moreover u™ is the H' weak limit of u”, solution of (VF,), as v — 0.

Figure 1 First line: comparisons of approximations of
Im E; via (MVF,) and of Im B via (VF,) v = 107"
to the analytical solution in black, k, = 0. 1D and
2D plots: real parts above and modulus below of ap-
proximations of Efe""** and B} e’"* via (MVF,), with
k.=01in 1D, k, =4 in 2D.

Figure 2 Real parts above and modulus below of
approximations of fields Ee"+* by eth:% and B;Qikzz

with k, = 6—\/7% for the disctretization of (MVF, ).
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LS Figure 2: Case of propagative plasma for tie”:(**2) on the left,

0.6 resonant in 0, with homogeneous BC on the right.
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Figure 1: Whittaker test case.

Formulation for v — 07

Similar formulation ¢™ — d”, Q@ — @QV. As
14 . . . .
a'_\'m is now invertible, for a continuous formula-

tion, Q¥ = {v € HYQ)* I'V(v) = 0} for T"(v) =

(1 0% 0k.\ —, (10—,
V/gz\&Q__VQV- 5k, I Wl—I—V°\OO wi | dx.
Non-local criteria: work has to be done to get a
Lagrange P1 description.
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